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Some significant consequences of interpreting arithetical
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Standard expositions of Godel’'s 1931 paper on undecidable arithmetical
propositions are based on two presumptions in Goédel's 1931 interpretation
of his own, formal, reasoning - one each in Theorem VI and in Theorem

XI - which do not meet Godel’s requirement of classically constructive,

and intuitionistically unobjectionable, reasoning. We see how these

objections can be addressed, and note some significant consequences.

|  Gddel’s first, classically objectionable, presumpon

-1 Introduction

The difficulty in situating an interpretatidonf Gédel’s first incompleteness theorem -

Theorem VI in [Go31] - within the perspectives of classipat{Cantoriar) reasoning,
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arises, simply, because standard expositioh&ddel’s formal reasoning in his 1931
paper [Go31] on undecidable arithmetical propositions - which are, essentidllyastidl
on Godel’s interpretation of his own, formal, reasoning in this paper - have yet to

explicitly recognise that:

(@) theintuitive truth (.e., truth in the standard modeadf Godel's unprovable
proposition - which, syntactically, is of the form [K)R(X)] - follows strictly

from the axioms and rules of inference of Peano Arithmetic;

(b) all the axioms and theorems of Peano Arithmetic are algorithmidalhyn@)
computable arithmetical truthw/en treated as Boolean functipnsder the

standard interpretatién

(c) there may be arithmetical relations - such as the one constructed byirGadel
1931 paper - which are meta-mathematically provable as instantiationally
computable Turing-decidablg truths, but which may not necessarily be

algorithmically computableTuring-computablgtruths.

Mathematically, following Tarski ([Me64], 8§82, p49)An interpretation consists of a non-empty set D,
called thedomainof the interpretation, and an assignment to eaetigate IetteAjn of ann-place relation
in D, to each function Iettef[n of ann-place operation in Di.e., a function from Binto D), and to each
individual constang; of some fixed element of D. Given such an intagtien, variables are thought of as
ranging over the set D, and -, =>, and quantiféees given their usual meanindkgmember that an-
place relation in D can be thought of as a subs@' the set of aln-tuples of elements of PD.

Loosely speaking, the interpreted relatiR(X) is obtained from the formuld&(X)] of a formal system P by
replacing every primitive, undefined, non-logicaymbol of P in the formulaR(X)] by an interpreted
mathematical symbol. So the P-formula K)R(X)] interprets as the sentenceX)R'(X), and the P-formula
[=(" X)R(X)] as the sentence HX)R'(X).

% Such as, for instance, [Be59], [Bo03], [Me64], fRf [Sh67], [Sm92], [Wa64].

* Consequently, standard expositions of classieirhdo noexplicitly recognise that it is this
characteristic that differentiates ‘constructiv@guages, such as, say, Peano Arithmetic or Reeursi
Arithmetic, from ‘non-constructive’ languages, swad) say, Zermelo-Fraenkel set theaty Neumann-
Bernays-Godel set thegry



(d) Gddel's presumption that his formal system, P, of Peano Arithmetic can be
assumed -consistent, without inviting inconsistency, is classically
objectionable. Under a constructive introduction of formal, arithmetical, truth in
Godel’s formal reasoning, any first-order Peano Arithmetmatsirally -
inconsistent, and has no non-standard moadele §ignificant consequence of

thisisthat P NP).

I-2  The truth of Godel's unprovable proposition follows strictly from the axioms

and rules of inference of Peano Arithmetic

It is a common misconception that an arithmetical statement - such as the dnectaxhs
by Godel - can bantuitively true, and yet remaiformally unproven from the axioms and

rules of inference of a first order Peano Arithmétic.

However, thantuitive truth of Gédel's unprovable propositimformally proven in PA,

since itdoesfollow strictly from the axioms and rules of inference of PA.

To see this, we note that the first part of Godel’'s argument in Theorem VI133is
paper [Go31] is, simply, that, if PA is consistent, then wencachanicall§ construct a

PA formula - which, syntactically, is of the form! [K)R(X)] - such that:

® For the significance of the PvsNP problem, se®J0

® This is the essence of the Gédelian argumenallyitput forward by Lucas [Lu61][Lu96], and defernide
vigorously by Penrose [Pe90][Pe94][Pe96].

" Even when this issue is sought to be addressedarflument is indirect, and this point remains iaitpl
For instance, in a critical review of Penrose’s @lizh argument [Pe90], Davis [Da90] argues that:

“... Godel's incompleteness theorem (in a strenutdeform based on work of J.B. Rosser as well as th
solution of Hilbert's tenth problem) may be statesdfollows: There is an algorithm which, given any
consistent set of axioms, will output a polynongguation P = 0 which in fact has no integer sohsjdut
such that this fact can not be deduced from thergaxioms. Here then is the true but unprovableeGdd
sentence on which Penrose relies and in a pantigutample form at that. Note that the sentence is
provided by an algorithm. If insight is involved,nust be in convincing oneself that the given mdaare
indeed consistent, since otherwise we will haveeason to believe that the Godel sentence is true”.



(i) the formula [( X)R(X)] - when expressed purely as a string of symbdises
not follow mechanicalljrom the axioms of PA as the last of any finite
sequence of PA-formulas, each of which is either a PA-axiom, or a consequence
of one or more of the formulas preceding it in the sequence, lyebleanical

application of the rules of inference of PA;

(i) for any given numerah] - which ‘represents’ the natural numbeim PA - the
formula [R(N)] - again, when expressed purely as a string of symlutues
follow mechanicallyfrom the axioms of PA as the last of some finite sequence
of PA-formulas, each of which is either a PA-axiom, or a consequence of one or
more of the formulas preceding it in the sequence, bynd#ehanical

application of the rules of inference of PA.

Now, (i) is, essentially, the standard definiti@ué to Gédel [Go3))]of the meta-

assertion:

(i) The PA-formula [¢ X)R(X)] is formally unprovable in PA,

whilst (i) is, essentially, the standard definiti@ué to Tarsk) of the meta-assertion:

(iv) The PA-formula [¢ X)R(X)] is formally true in PA.

8 This follows from Gédel’'s Theorem VII in [Go31]nd the fact that Godel’s formal system P is defined
recursively, in the sense that there exists a Gumachine which will, when presented with any input
string, halt and accept if the string is a wellff@d formula of the system, and halt and rejectrotise.

® Under Tarski's definitions [Ta36] of the satisfiétly and truth of the formulas of a language, $ayinder
an interpretation, say M, an L-formula, such ag, fd X)R(X)], is true in the interpretation M if, and only
if, the interpreted relation, s&®/(X), is satisfied4s defined in Mfor any given elemers of M.

If we take, both, L and M as PA, and take satidfiigin PA to mean provability in PA, we arrive tte
formal definition of the truth of the PA-formulg, [ X)R(X)], in PA, as:

The PA-formula, [ X)R(X)], is formally true in PA if, and only if, the forula [R(X)] is provable in PA
whenever we substitute a numeia] for the variable X] in [R(X)].



Hence, by definition, the appropriate interpretation of Godel’s reasaniagd (i) ought

to be®

(v) The PA-formula [¢ X)R(X)] is formally unprovable in PA, bubrmally true in
PAM

However standard expositions of Godel’s formal reasoning in [Go31] assert only that:

(vi) The PA-formula [¢ X)R(X)] is formally unprovable in PA, buntuitively true in

the standard interpretation of PA.

They, thus, fail to highlight the fact tha} &nd {i), both, actually, followformally from

the axioms and rules of inference of PA, and that, classically, the metéieass

(vii) The PA-formula [¢ X)R(X)] is intuitively true in the standard interpretation of

PA,

is, both, ambiguouand strongef than the meta-assertion:

19| discuss this point in more detail in an unpui®id investigative paper [HTM; PDF].

1 This interpretation also meets Wittgenstein’s [@]iémphatic - and, generally ignored - requirenibat
the concept of ‘truth’ in a language must be fotgndéfinable, and effectively verifiable, withingh
language.

As noted by Goodstein [Gd72]: “In the realist-follisiacontroversy in the philosophy of mathematics
Wittgenstein'sRemarkffers a solution that is crystal clear and syitigfly uncompromising. The true
propositions of mathematics are true because tleegravable in a calculus; they are deductions from
axioms by formal rules and are true in virtue dfdrapplications of the rules of inference and awthing
to the world outside mathematics.”

12 As we show later, the two are not equivalent. Thisecause the classical meta-statement, “The PA-
formula [(! X)R(X)] is (intuitively) true in the standard interpretation of PA”, camMalidly taken to mean
either, “The PA-formula [{ X)R(X)] is algorithmically decidable as true in the stard interpretation of

PA”, or, “The PA-formula [ X)R(X)] is instantiationally decidable as true in thenstard interpretation of
PA”.

In other words, if the PA-formula J( X)R(X)] is algorithmically decidable as true in the stard

interpretation of PA, then the PA-formulal [X)R(X)] is accepted asrtuitively) true in the standard
interpretation of PA.



(viii) The PA-formula R(X)] is formally true in the standard interpretation of PA.

Further, they fail to recognise that, botj)and iii), assert thénstantiational- but not
necessarihalgorithmic- PA-provability of a denumerable infinity of arithmetical

propositions.

Moreover, they do not explicitly consider the question:

When is dormally true PA-formula, such as, say, Godel's )R(X)], also a

formally provable PA-formula?

At this point, we need to digress a little.

[-3 The axioms and theorems of Peano Arithmetic are algorithmicallyTuring)

computable truths under the standard interpretation

It follows from Turing’s 1936 paper [Tu36] that if the formula, s&/f1, X2, X5 ...,

Xn)]*, is either an axiom, or a theor&nof a Peano Arithmetis(ch as the system P

Further, if the PA-formula [[ X)R(X)] is instantiationally decidable as true in therstard interpretation of

PA, then, too, the PA-formula [(X)R(X)] is accepted asrtuitively) true in the standard interpretation of
PA.

It follows that the meta-statement, “The PA-form[#&! X)R(X)] is (intuitively) true in the standard
interpretation of PA”, does not necessarily tratests the meta-statement, “It is not true thaPthe
formula [R(X)] is provable in PA whenever we substitute a nahgl] for the variable X] in [R(X)]".

It can also translate as the meta-statement, fHoisalgorithmically decidable as true that the #8Anula
[R(X)] is provable in PA whenever we substitute a nahf] for the variable X] in [R(X)]”.

13\We use square brackets to indicate that the esipresiithin the brackets is intended to be viewatkly
as a syntactical string of mathematical symbolspiteof any meaning whatsoever. In other words it
not to be seen as representing any concept undetudtive interpretation of the symbols.

% Formally, a theorem of a Peano Arithmetic, sucibéadel’'s system P, is a sequence of well-formed
formulas of P, each of which is either an axiomawmimmediate consequence - by means of the rélles o
deduction of P - of any one, or more, of the prewgébrmulas of the sequence.



considered by Gddel in his 1931 papéhen, there is always a Turing-macHhin&, such
that, given any set of natural numbelg, @, as ..., &,) as input, T will compute the
arithmetical propositioR'(ay, @, as ..., &,) as TRUE in a finite number of steps

(Appendix A

In other words, one of Turing’s remarkable, albeit unremarked, achievemejta136]

- is to enable a formal, and constructive, definitiorntiie best traditions of the standards
for mathematical rigour - established in the nineteenth century by mathematicians, such
as Cauchy, Weierstrass, étc.that are to be adopted when the concept of infinity is used
in mathematical reasoningf whatis meantjntuitively, by the assertion that tiainity

of arithmetical assertions encapsulated in the axioms and rules of inferdteanof

Arithmetic areintuitively true”’.

15 As defined by Turing in his 1936 paper on complatatumbers [Tu36]. For a more formal definition of
algorithmic / Turing computability, see [Me64].

%\Von Neumann gives a broad, and illuminating, oiemof the development of the concept of
mathematical rigour in mathematical reasoning @aachy and Weierstrass, and the issues preventing
modern axiomatic methods from incorporating sugbur into their formalisations thereafter [VN47].

" For instance, to say that a PA axiom, sAly s intuitively true under the standard interpt@in is
equivalent to the assertion that the rela#tos Turing-computable as TRUE for any given natm@hber
input to the free variables containedAin

(This is the ‘constructive’ characteristic that @iféntiates a Peano Arithmetic - or a Recursivehigtic -
from a ‘non-constructive’ language such as YF!

Another way of looking at this is to say that TgprArithmetic is equivalent to Peano Arithmetic the
sense that, first, a total arithmetical formul®&-provable if, and only if, it is Turing-computabhs
always TRUE.

Although the ‘if’ condition follows straightforwahgd from Turing’s paper, the ‘only if’ condition dhe
equivalence, however, requires a formal proof,esibtiolds if, and only if, PA has no non-standard
models.

(We show that PA has no non-standard models in Afip&)
Second, a total arithmetical formula is PA-trueaifid only if, it is Turing-decidable as always TRUE

where PA-truth is as defined in the preceding sectind Turing-decidability is as defined in thatne
section.



Consequently, one of Godel's even more remarkallet equally unremarked,
achievements - in [Go31] - lies in his actual constructismg@ only classically
acceptable reasoningf a formula of one variable, saR(K)], in his formal system, P,

such that:

(i) [(' X)R(X)] is not a theorem of Ragsuming that P is consistgnt

(iv) given any natural numbex, there is a Turing-maching, That will compute the

arithmetical propositiofR(a) as TRUE in a finite number of steps.

The remarkable, but unremarked, feature of the above is that we cannot assume from it
that there must be a Turing machine T' such that, given any natural nanibeuill

compute the arithmetical propositi®ia) as TRUE in a finite number of stefis.

We now show some significant consequences of explicitly recognisinig#tise.

18 The “more” remarkable feature of Godel's reasonieerred to here, is that it shows that, evewndf
restrict the construction of the well-formed sents) and specification of the primitive truths of a
languagei(e., its axioms and rules of inferende algorithmically decidabld.€., to Turing-computab)e
concepts - which are considerietuitively unobjectionable - we can still derive sentencehefanguage
that are always true instantiationally, in a camdive sense, even though the sentences are not
algorithmically decidable as always true, and,cemnot be said to betuitively true in an unobjectionable
manner.

9 When interpreting Gédel’s 1931 paper on undecilabithmetical propositions [Go31], it is useful to
keep in mind that this paper pre-dated, both, Qtisrdevelopment [Ch36)f the lambda calculus
(formalising and extending the primitive recursivétanetic introduced by Gddel in this papeand
Turing's 1936 paper [Tu36] on computable numbehgre Turing, essentially, introduced the concept of
algorithmic computability.



I-4  The distinction between Turing-decidability (classical verifiability) and

Turing-computability

We note, first, that the precise definition of the algorithmic computability of number
theoretic functions - formalised by Turing in his 1936 paper [Tu36] on computable
numbers - allows the following distinction to be made, between the instantiational
decidability of number-theoretic relations, and their algorithmic compitafithen

treated as Boolean functionss follows:

Definition 1: A total number-theoretical relation, sB¥Xi, Xz, ..., X,), when treated
as a Boolean function, Turing-decidablan M if, and only if, it is instantiationally
equivalent to a number-theoretic relati®&¥,, Xz, ..., X,), and there is a Turing-
machine T such that, for any given natural number sequel¢@y(...,a,), T will

computeS@y, a, ...,a,) as either TRUE, or as FALSE.

Definition 2: A total number-theoretical relatioR,(X1, Xp, ..., Xn), when treated as a
Boolean function, iguring-computablen M if, and only if, there is a Turing-
machine T such that, for any given natural number sequel¢c@y(...,a,), T will

computeR'(ay, @y, ...,a,) as either TRUE, or as FALSE.

We note, next, that, although Turing-decidabilitshich is, essentially, constructive
verifiability in the classical senyef a number-theoretic relation necessarily implies

Turing-computability, the converse need not Fold

Thus, classically, a number-theoretic relation, such as, say, GB@é, svould be

decidable Turing-decidablg as true if it were instantiationally equivalent, for any given

2 Unless we assume the standard formulation of the@-Turing Thesis [Ch36], [Tu36]. However, the
arguments of this paper suggest that CT may nebd teeakened from a strong identity - between
intuitively computable functionsaqd relation3 and recursiveTuring-computablgfunctions &nd
relationg - to an instantiational equivalence only.
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natural number, to a number-theoretic relati§{X), which could be interpreted as a
Turing-algorithm, and which is Turing-computable as TRUE for any given natural

number.

However, we cannot conclude from this tR@) must also be interpretable as a Turing-

algorithm, and be Turing-computable as TRUE for any given natural number.

In other words - as in the case of Turing’s Halting function - the definiti®t{>9fmay

involve a, possibly implicit, circular reference to the range of valu9f

Consequently, any Turing-machine that comp&@$ could go into a non-terminating
loop for some inputie., in the language of Turing-machines, an instantaneous tape

description could be repeated in the course of the computation for tha}.input

Now, in his 1931 paper [Go31], Godel only shows that, if PA is consistent, thB(Khis

is Turing-decidable as always TRU&Hen treated as a Boolean functjon

The Turing-decidability of Godel'R(X) follows from the fact thaR (X) is defined
constructively by Godelas a consequence of Theorem VIl of [GQ3H that it is
instantiationally equivalent to a primitive recursive relation which, of &ussknown to

be Turing-computable.

However, the question remains:

Is R(X) also Turing-computable as always TRUEhén treated as a Boolean

function?

If we interpret Godel’s reasoning with the above distinction in mind, then weahave

tentative answer to the question raised at the end of Section 1-2:
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Godel's PA-formula [( X)R(X)] may bé* formally unprovable, butormally true,
simply because the arithmetical relatR(x) is a ‘Halting’ type of relation that is

Turing-decidable as always TRUE, but not Turing-computable as always*tRUE

I-5 Gddel's first, classically objectionable, presumption

It is intriguing to speculate on why the above distinction was not considered by Goédel

even after Turing’s publication of his paper [Tu36] on computable numbers.

A contributing factor may have been his 1931 commitment to the first of hiscelhgsi

objectionable presumptions:
The assumption of -consistency for P will not lead to an inconsisteficy.

This allowed him to meta-mathematically argue further - again, using lasisically
acceptable reasoning - that the formula![XJR(X)] is, also, not a theorem of an

consistent P.

Another factor may have been Gdodel’s reluctant acceptance, along with Chuheh, of

latter's 1936 thesisnpw known as the Church-Turing Thésgentifying effectively

ZLWe show later that this is, indeed, so, since RAD non-standard models, whence it follows thetye
total arithmetical relation that is Turing-computahs always TRUE is PA-provable.

% The reason, in this case, thK) is Turing-decidable as always TRUE, but not Tgraomputable as
always TRUE, lies in the fact that Godel's pecylaurt constructive, definition d®(X) - more accurately,
R(X, P) - is in terms of a primitive recursive relati@(X) - more accurateyQ(X, p) - and involves a
circularity, in that the definition, d@(X, Y), involves the Gédel-number of the PA-formuR{X, Y)].
Hence, the definition oR(X, Y) implicitly refers to the range of valuesREX, V).

As a consequence, there is some valug siich that, when computii®(Nn, p), any Turing-machine that
computesR(X, P) does not halt, but goes into a perpetuz¢hine-generated, but not program-generated

loop, on the inpul since, as in the case of Turing's Halting functaminstantaneous tape description
repeats itself.

% Godel noted in his 1931 paper that, if P isonsistent, then it is necessarily consistenhéndassical
sense, although the converse need not be necgsragil We argue, however, that this implicatiofeise.
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computablé& number-theoretic functions with algorithmically computable number-

theoretic functions [Ch36].

From the first, G6del concluded his first incompleteness thedreeofem VI of his
1931 pape), to the effect that, if P can be assumedonsistent, then the formulas

[(! X)R(X)] and [-(! X)R(X)] are, both, not provable in P.

The second may, quite possibly, have prevented him from recognising the pgsaitili
significance, of number-theoretic relations that are Turing-decidibletey are
effectively computable as true instantiationgllyut not Turing-computable.€., they are

not effectively computable as true algorithmicplly

-6  Why the assumption of -consistency in a Peano Arithmetic is classically

objectionable, and may invite inconsistency

We now see how, and why, Gédel’s presumption - that P can be assuooedistent

without inviting inconsistency - is classically objectionable, and how it obscures the

2 Note that the concept of ‘effective computabiliiy’essentially intuitive.

It is noteworthy that Gddeir{tially), and Churchqubsequently - not least because of Godel's
disquietitudg, enunciated Church’s formulation of ‘effectivengputability’ as a Thesis, because they were
instinctively uncomfortable with accepting it adefinition that fully captures the essence oftl{itive)
effective computability’.

Godel's reservations seem vindicated if we acdegittd number-theoretic function can be effectively
computable instantiationally, but not algorithmigal

Since every algorithmically function is, necessardomputable instantiationally, we can, then, edie
define a function as effectively computahil&\itively) if, and only if, it is computable instantiatiohal

The essence of Church’s Thesis would then be thtuladion that every effectively computable funotie
(instantiationally) equivalent to a recursive function.

Note that, in its standard form, Church’s Thesistplates a strong identity - and not simply a weak
equivalence - between an effectively computabletion and some recursive function.

| study the significance of making a distinctioriveeen the two in an unpublished investigative paper
[HTM; PDF].
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significance of his primary achievement - that of constructing a nurhberetic,
arithmetical, relation that may be Turing-decidalle (it is effectively computable as
always TRUE instantiationallybut not Turing-computable.€., it is not effectively

computable as always TRUE algorithmically

Now, Godel defines P as-consistent if, and only if, there is no P-formula, such as, say,

his [R(X)], for which:

(1) [~(! X)R(X)] is P-provable,

and, also:

(i) [R(N)] is P-provable for any given numeral] [of P.

The possible inconsistency in anconsistent P surfaces only when we try to interpret
the above definition verifiably in our classical arithmetic based on DedekindreoPe
Postulatestérmed as the “standard, intuitive, interpretation of Peano Arithmgtic”
which Godel’s system P was intended to formalise recursifielycg, implicitly,

algorithmically).

Now, it is reasonable to suppose that Godel’s tacit justification for the prasaropt -
consistency as an intuitively natural, and ‘obviously’ consistent, meta-pyagd?tlay in

the following argument:

(@) if [-(! X)R(X)] is P-provable, then the meta-propositioR(X) is true for all

natural number¥X’, is false®,

and:

% Under Tarski's [Tu36] definitions of the satisfility, and truth, of the formulas of PA under itaisdard,
intuitive, interpretation.
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(b) if [R(N)] is P-provable for any given numerdl] [of P, then the meta-proposition,

“R(X) is true for all natural numbels, is true.

However, note, first, that, even if we strictly apply Tarski’s definitions to the
satisfiability, and truth, of the formulas of a Peano Arithmetic underaitslatd,

intuitive, interpretation, the meta-assertion:

(©) R(X) is true for all natural numbexs

is ambiguous, and can be taken to mean either:

(d) R(X) is Turing-computable as always TRUEe(, any Turing-machine that
computes R) will halt on any given natural numb#&ras input and return the

value TRUE;

or:

(e) R(X) is Turing-decidable as always TRUEe(, RK) is instantiationally equivalent
to a number-theoretic function, sayXpWwhich is such that any Turing-machine
that computes K] will halt on any given natural numb#&ras input and return

the value TRUE

and, second, that the latter need not, necessarily, imply the former.

It follows that we can, indeed, have that:

(M if [~(! X)R(X)] is P-provable, then the meta-propositioR(X) is Turing-

computable as always TRUE”, is false

and, at the same time, that:
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(g) if [R(N)] is P-provable for any given numerdl] [of P, then the meta-proposition,

“R(X) is Turing-decidable as always TRUE”", is true.

I-7 A constructive interpretation of -consistency implies that Godel'sfirst

incompletenessTheorem VI may be vacuously true

It follows that Godel's presumption - that assumingonsistency for P will not lead to

an inconsistency - is not intuitively unobjectionable.

Hence his argument for the construction of an ‘undecidable’ proposition in P, too, cannot

be considered classically constructive, and intuitionistically unobjectionable.

It also follows that we cannot, further, conclude from Godel’'s reasoning that his

proposition, [-( X)R(X)], is necessarily P-unprovable.

-8 Rosser’'s argument, too, implicitly assumes that Peano Arithmetic is -

consistent

Contrary to the accepted view, an analysis of Rosser’s ‘extension’ of Gagglisient

[R036] shows that he also assumes - albeit, implitilghat P is -consistent.

% The assumption - of -consistency - is not immediately apparent in Rosg®oof since he argues
mainly in the standard interpretation of Godel'sufe Arithmetic, P, and simply states - as obviotat
([Ro36], Theorem Il, p234):

“... the formal analogue oZf[Z=0 vZ=1v ... vZ=X Vv (EW)[Z=X+W]] is provable in P ...”

However, the assumption surfaces in a formal podétosser's Theorem, which shows that Rosser has
implicitly assumed that the existential quantifieust interpret identically when applied to relatan the
standard interpretaticand when applied to formulas in P.

Now, in recursive arithmetic, in sharp contrastaional Peano Arithmetic, the expressior$ X)', is not
an abbreviation for ‘={ X)-', but for the intuitive assertion, ‘There is seifat least ongX such that...".

In this paper, we argue that the standard inteapiogt of the PA-formula, ‘={ X)-', as, ‘There is someaf

least on& X such that...’, introduces an unacceptable ambiguibich needs to be addressed expligiithy
the intuitive meaning of the interpretation.
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Thus, a formal exposition of Rosser’s prof@¢36], Theorem ), such as [Me64],
depends upon the argument, at one poithiat, if we assume that a formula such as, say,
[($X)F(X)], is provable in a consistent P, then we can assume, further, that there is some

P-formula, sayd], such thatfF(a)] is provable.

The proof, then, argues that the P-provabilityF(g)] leads to a contradiction, and

concludes that i X)F(X)] cannot be P-provable.

Now, if P were -inconsistent, then, since, formally#&)F(X)] is defined as
[=(! X)-F(X)], we can, indeed, have, both, that [-X)-F(X)] is P-provable, and that

[-F(X)] is also P-provable for all substitutions of a P-formalafpr [X].

Hence, unless we assume that P4sonsistent, we cannot conclude, from the P-
provability of [=(! X)=F(X)], that there is, necessarily, some P-formula, s&hysjuch that
[F(@)] is provable®

-9 If Peano Arithmetic is -inconsistent, then it may have no non-constructive,

non-standard, models

Now, if we cannot conclude that [+K)R(X)] is necessarily not P-provable, then we
cannot conclude that we can add [{)R(X)] as an axiom to P and obtain a consistent,
extended, system of Peano Arithmetic, which contains numbers that are not natural

numbers.

2| highlight this step in an analysis of a formapesition of Rosser’s proof, such as the one ginen
[Me64], in an unpublished investigative paper [HTRDF].

% |n an unpublished investigative paper [HTM; PDRjrgue that it was this argument which, essetiall
lay at the heart of Brouwer’s objection to Hilbsrtinrestricted use of the Law of the Excluded Maddl
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However, it is precisely this unvalidated presumption by Gddel - namely that
P+[-(! X)R(X)] is consistent [Go31] - which appears to underpin the postulation of non-

standard modelsof Peano Arithmetic.

These are models that postulate the existence of numbers, satisfyirgpthe af Peano
Arithmetic, which exist in the domain of an interpretation, and can, possibly, be named,

but which are not numerals, and, so, cannot be constructed within the Arithmetic.

In Appendix B we show, however, that all the elements in the domain of any model of
PA are necessarily the numeralghich, by definition, are the successors oald so PA

has no non-standard models.

Hence, if we cannot add [+(X)R(X)] as an axiom to P without inviting inconsistency, it

follows that P is -inconsistent.

[-10 A significant consequence of a constructive interpretation of Godsl

reasoning in Theorem VI of his 1931 paper: P NP

We are, thus, compelled to seek alternative, and more constructive, interpretatiens of

significance, and consequences, of Godel's reasoning in his 193F%baper.

One of the more significant consequences is that if a total arithmetidadmetaTuring-

computable as always TRUE, then it is PA-provable.

2 We define [cf. [Me64], p49-53] a model as an iptetation of a set of well-formed formulas if, amaly
if, every well-formed formula of the set is trueg fbe interpretationtly Tarski's definitions of the
satisfiability and truth of the formulas of a forht@nguage under an interpretatin

We define a non-standard model, say M', of firgsteorPeano Arithmetic as one in which, if [{)R(X)] is
Godel's undecidable formula, theR($) holds for some in the domain of M' that is not a natural number
(i.e.,Sis not a successor 0j.0

%0 See, for instance, my unpublished investigatiyeepfHTM; PDF].
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For, if we assume that there is a total arithmetical relation thatiilsgfcomputable as
always TRUE, but which is not the standard interpretation of a PA-provable formula

then this implies that there is a non-standard model of PA.

Another significant consequence follows from the argument that (cf. [Ra02]),efither
no polynomial time algorithrA that gets as input a Boolean formtiend outputs 1 if

and only iff is a tautology, then P NP.

Hence Godel's reasoning in Theorem VI of [Go31] - to the effect that theretal a t
arithmetical relation that is Turing-decidable as always TRUE, budhwkinot Turing-

computable as always TRUE - implies that RP!

Il Godel’'s second, classically objectionable, presaption
[I-1  Godel's reasoning in his 6econd incompletenes3heorem XIl

The second of Godel's classically objectionable presumptions pertains to th@ngas

by which he constructs another P-formula] [say, with Godel-numbeaw), and

concludes that, wheW\] is interpreted in our intuitive arithmetic of the natural numbers
(as covered by Dedekind’s formulations of the Peano A)jonstuitively translates as
an arithmetical proposition that is true if, and only if, a specified formulai®f P

unprovable in P.

Now, if there were such a P-formula &) which interprets, and intuitively translates, as
above, and we could prove/ in P, then the above would imply that there is a proof
sequence in P to the effect that P contains an unprovable formula, and so we would have

proved that P is consistent by a proof sequence within P.

This follows since, classically, an inconsistent system necessantgpevery well-

formed formula of the system.
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However, Godel shows - again by classical reasoning - that his forviduig fot P-

provable.

From this he concludes his second incompleteness thedrexarém XI of his 1931
papel, to the effect that the consistency of a Peano Arithmetic cannot be proven within

the Arithmetic.

[I-2 Godel presumes that he has constructed an arithmetical proposin that

translates intuitively as true if, and only if, P is consistent

Now, the classically objectionable presumption made by Goédel is that, when the P-
formula W] is interpreted in our intuitive arithmetic of the natural numbasscbvered
by Dedekind’s formulations of the Peano Axintgntuitively translates as an
arithmetical proposition, say, that is true if, and only if, a specified formula of P is

unprovable in P.

To see the classically objectionable step of Godel’s reasoning in TheoreinhixI1931

paper, it is necessary to see how Godel shows, in a constructive, and intuitidyistical
unobjectionable manner, how meta-propositions of a formal Peano Arithmetic, say P, can
be defined by means of primitive recursive functions and relations using ordicalas

reasoning.

[I-3 Godel defines 45 number-theoretic primitive recursive funtions and relations

Amongst the 46 such number-theoretic functions and relations defined by Goédel, in a

classically constructive manner, are the following:
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(#12) A number-theoretic primitive recursive relatidar(X), which is true if, and

only if, X is the Godel-numb&rof a variable of P.

(#13) A number-theoretic primitive recursive functidlegx), which is the Godel-

number of the negation of the formula of P whose Gddel-number is

(#14) A number-theoretic primitive recursive relati®Bjsy, which is true if, and
only if, the disjunction of the formulas of P, whose Go6del-numberx anely,

is true.

(#15) A number-theoretic primitive recursive functi®&ery, which is true if, and
only if, the generalisation of the formula of P whose Godel-numbgrg the
formula whose Goédel-numberXsis true @ssuming thax is the Godel-number

of a formula of P that is a variable

(#17) A number-theoretic primitive recursive functi@), which is the Godel-

number of the numeral of P that represents the natural number

(#20) A number-theoretic primitive recursive relati&ff(X), which is true if, and

only if, X is the Godel-number of an elementary formula of P.

(#22) A number-theoretic primitive recursive relati&iR(X), which is true if, and
only if, X is the G6del-number of a sequence of formulas of P, each one of
which is either an elementary formula of P, or comes from the preceding ones

by the operations of negation, disjunction, or generalisation.

%1 1n [Go3], p13, Godel sets up a 1-1 correspondehemtural numbers to the primitive symbols,
formulas, and finite sequences of formulas, of PAsuch a manner that various meta-mathematical
functions and relations involving concepts sucheas,, “variable”, “formula”, “sentence”, “axiom”,

“provable formula”, etc., can be expressed as edgint to number-theoretic functions and relations.
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(#23) A number-theoretic primitive recursive relatiéoym(X), which is true if, and
only if, X is the Godel-number of a formula ofiRe(, the last term of a sequence

of formulag.

(#26) A number-theoretic primitive recursive relatiwhrX, which is true if, and only
if, Xis the Godel-number of a formula of P in which the variable of P, whose

Godel-number i¥, is free.

(#29) A number-theoretic primitive recursive functionVAX), which is the number
of places at which the variable of P, whose Godel-numbgrissfree in the

formula of P whose Gddel-numbendis

(#42) A number-theoretic primitive recursive relatiéx(X), which is true if, and only

if, Xis the Godel-number of an axiom of P.

(#43) A number-theoretic primitive recursive relatieh(X, Y, 2), which is true if, and
only if, X is the G6del-number of a formula of P that is an immediate

consequence of the formulas of P whose Gddel-numbeysaadz.

(#44) A number-theoretic primitive recursive relatiBuy(X), which is true if, and
only if, X is the Gddel-number of a proof sequence ia Bnfte sequence of
formulas of P each of which is either an axiom of P, or an immediate

consequence of two preceding formulas of the seguence

(#45) A number-theoretic primitive recursive relati®By, which is true if, and only
if, Xis the Godel-number of a proof sequence of P whose last formula has the

Gdodel-numbey.
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The classically constructive, and intuitionistically unobjectionable, nafuheals
representations of various meta-mathematical propositions by primetuesive

functions and relations is assured by Godel by the following specificati@fgotnoté:

“Everywhere in the following definitions where one of the expressionX)’(
($X), (There is a uniqu&)’ occurs it is followed by a bound fot This bound

serves only to assure the recursive nature of the defined concept.”

In sharp contrast to the above 45 definitions, Gddel explicitly defines one further meta-

mathematical relation that cannot be asserted to be recursive:

The number-theoretic relatioBew(X), which is true if, and only iX is the Gddel-

number of a provable formula of P.
Godel's actual definition of this is:

(#46) The number-theoretic primitive recursive relatBew(X), is true if, and only if,

the number-theoretic relatios)yBXx* is true.

The significance of the distinction, between the first 45 definitions and thest®at, by
Godel’'s Theorem VIIWhich is independent of his Theorem VI, and should actually have
preceded I, it can be shown that any recursive relation,@gg), can be represented in P
by some, corresponding, arithmetical formula, $¥X)], such that, for any natural

numbem:
If Q(N) is true, thenR(N)] is P-provable

If Q(N) is false, then [R(N)] is P-provable.

%2 We note that, in recursive arithmetic, in sharptrast to formal Peano Arithmetic, the expression

‘($X)" is not an abbreviation for ‘< X)-', but for the intuitive assertion ‘There is sola least ongX
such that...".
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Now, Gddel's Theorem VI establishes that the above representation does ndttexte

the closure of a recursive relation, in the sense that we cannot assume:
If (! X)Q(X) is true pver all the natural numbeysthen [(! X)R(X)] is P-provable.

In other words, we cannot assume that, even though the recursive r€éxiorcan be
represented in P by some arithmetical formula, the number-theoretic proposition

(' X)Q(X) must, necessarily, also be representable similarly.

Now, we note that, in recursive arithmetic - in sharp contrast to formal Peano é&r¢hm
- the expression $ X)' is not an abbreviation for ‘4( X)—~’, but for the intuitive

assertion:
There is someaf least ongX such that...

Consequently, although a primitive recursive relation may be instantiati@ugliyalent
to the standard interpretation of a PA-formwf Gddel's Theorem VII [Go3)]we
cannot assume that the existential closure of the relation must haantbatuitive

meaning as the standard interpretation of the existential closure of thermRd.

However this, precisely, is the, intuitively objectionable, presumption made by Gdde
(implicitly, and without offering any justificatigpim his Theorem XI, where he concludes

that the consistency of P is not P-provable.

Thus, he first defines the notion of “P is consistent” in a classically cong&uatid

intuitionistically unobjectionable, manner, as follows:

P is consistent if, and only if, the number-theoretic reldfibe(P) is true.
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Here,Wid(P) is defined by the number-theoretic relation:

($ X)[Form(X) & =(Bew(X)]

The above translates intuitively as:

There is a natural numbErsuch thak is the Godel-number of a formula of P, and

this formula is not P-provable.

That this implies the consistency of P follows from the classical definit the
consistency of any formal axiomatic theory, since, if the theory were istensithen

every well-formed formula of the theory would be provable within the theory.

Now, Gddel’s classically objectionable step lies in his presumptioMttiP) can be
representedGo31] uses the term “expressedby some formula\J] of P, with Godel-

numberw, that, under the standard interpretation, maintains its intuitive meaning.

To see why the presumption is objectionable from another perspective, it isestitiici
note that Godel also presumes in the proof of his Theorem Xl [Go31] - again without
offering adequate justification - that if the recursive relati@gx, p), is represented by
the P-formulaR(X, P)], whose Gdodel-number Is then (! X)Q(X, pP) can be “expressed”
in P by the formula [ X)R(X, p)], whose Gddel-number is Gérr, in such a manner
that the proposition “[( X)R(X, P)] is true” has thesameintuitive meaning, under the

standard interpretation, as!“K)Q(X, p) is true”.

As noted earlier, such an assumption does, indeed, follB(X,i{) is Turing-computable
as always TRUE, but it may not followR{X, P) is Turing-decidable as always TRUE,

but not Turing-computable as always TRBE.

% That there is an ambiguity in the ‘meaning’ - unde interpretation - of mathematical expressiamien
unrestricted universal and existential closure, alas strongly emphasised by Wittgenstein [Wi78]:
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In other words, iffM, too, is unprovable but true in P, then the consistency of P is, in
fact, provable instantiationally in P.

Hence, at best, Godel’s reasoning can only be taken to establish that thecopsisP

is unprovable algorithmically in P.

The significance of this is that we can no longer argue that, if the consistemsystem
that contains a Peano Arithmetic is, somehow, provable within the system, then the

system must be inconsistent.

This conclusion can only be drawn for such a system if it purports to prove its own

consistency algorithmically.
However, Godel’s definition dfVid(P) does not claim this.

Appendix A: The Theorems of PA interpret as Turing-
computable truths

Consider the axioms of PA:
(B1) [Ka=X) ((Xxa=Xs) (X2=Xa))];
(S2) [K1=X) (X' =X)];
(S3) [0 (X)T;

(S4) [(K)' =(X2)) (X=X,

“Hence the issue whether an existence-proof wliafot a construction is a real proof of existeridet
is, the question arises: Do | understand the pitpnsThere is . . .” when | have no possibilitf finding
where it exists? And here there are two points@fvvas an English sentence for example | undedstan
so far, that is, as | can explain it (and note ffammy explanation goes). But what can | do withWell,
not what | can do with a constructive proof. Andsnfar as what | can do with the proposition & th
criterion of understanding it, thus far it is ntg¢ar in advance whether and to what extent | undedsit.”
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(S5) [1 + 0) =X4;

(S6) [K1+X2) = (X1 +X2)T;

(S7) [*0) = 0]

(S8) [i*( X)) = (X* X2) +Xa)];

(S9) For any well-formed formuld&(X)] of PA:
[(FO) (XFEEX)  FX)) (! XFX)]

Now, each of the PA axioms - except Induction - can, intuitively, be seen to be Turing-

computable as always TRUE in the following sense:

() A total number-theoretical relatioR(Xy, X, ...,Xn), when treated as a Boolean
function, is Turing-computable if, and only if, there is a Turing-machine T such that,
for any given natural number sequen@g, @, ...,a,), T will computeR(ay, ay, ...,

a,) as either TRUE, or as FALSE.

(ii) If [R] is an atomic formulaR(ay, &y, ...,an)] of PA, then R] is Turing-
computable as TRUE for the natural number inputdy, ...,ay) if, and only if, the
arithmetical relatioR(ay, ay, ...,a,) is Turing-computable as TRUE on the natural

number inputdy, ay, ...,ay);

(i) The PA-formula [R] is Turing-computable as TRUE for the natural number
input @y, ay, ...,ay,) if, and only if, R] is Turing-computable as FALSE for the

natural number inpuigg, ay, ..., a,);

(iv) The PA-formulaR => § is Turing-computable as TRUE for the natural number

input @y, ay, ...,ay,) if, and only if, eitherIR] is Turing-computable as FALSE for the
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natural number inpuigg, ay, ...,a,), or [§ is Turing-computable as TRUE for the

natural number inpuigg, ay, ..., a,);

(v) The PA-formula [( X;)R] is Turing-computable as TRUE for the natural number
input @y, ay, ...,ay,) if, and only if, R] is Turing-computable as TRUE for any given
natural number inputd, by, ...,b,) where by, by, ..., b,) differs from @y, ay, ...,ay)

rth

in at most theé’" component.

(vi) The PA-formula [( X;)R] is Turing-computable as TRUE for the natural number
input @i, ay, ...,ay,) if, and only if, R] is Turing-computable as TRUE for any given
natural number inputd, by, ...,b,) where by, by, ...,b,) differs from @y, ay, ...,ay)

rth

in at most theé’" component.

(vii) The PA-formulaR] is Turing-computable as always TRUE if, and onlyH is
Turing-computable as TRUE for any given natural number irgougg, ..., an).

(viii) The PA-formula [R] is Turing-computable as always FALSE if, and only if,

[R] is Turing-computable as TRUE for any given natural number irqay8g, ...,

an)-

Thus, if we assume, for instance, that axiom (S1) is intuitively true in the aiarsé&nse -
i.e., that the PA-formula, X =X2) (X1 =X3) (X2 =Xg))], interprets as an
arithmetical relation X3 =X2) ((Xp=X3) (X2 =Xg)), which is satisfied for any
substitution of natural numbers for the variables contained in it - then, it follows
immediately from [Tu36] that (S1) interprets as an arithmeticalioel#lhat is Turing-

computable as always TRUE.

Similar arguments hold for the axioms (S2) to (S8).
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Next, if we assume that the Induction axiom, (S9), is intuitively true in th&i@ars
sense, then, again, we have that the arithmetical relation expres$€@)oy (! X)(F(X)

F(X))) (! X)F(X) is Turing-computable as always TRUE, since:

(a) If F(0) is Tarskian true intuitively, then it follows from [Tu36] th&D) is

Turing-computable as always TRUE;

(b) If the arithmetical relation,!(X)(F(X)  F(X)), is Tarkian true intuitively - i.e.,
(F(X) F(X)) is satisfied for any given natural numbethen, it follows from

[Tu36], that E(X)  F(X)) is Turing-computable as always TRUE;

(c) If F(0) is Turing-computable as always TRUE, aR(Kf F(X)) is Turing-

computable as always TRUE, thie¢x) is Turing-computable as always TRUE.

Further, it is seen, again intuitively, that the following rules of InfezendA preserve

the above Turing-computability:
(ix) Modus PonensH] follows from [A] and [A  B];
(X) Generalisation: [{ X)A] follows from [A].

In other words if, first, we assume it is intuitively true that, wheneverrttiereetical
relationsAand @ B), are Tarskian-true, then, the arithmetical relaBas Tarskian-
true, then, it follows from [Tu36] thd& is Turing-computable as always TRUEAS (

B) is Turing-computable as always TRUE.

Second, if we assume it is intuitively true that, if the arithmeticalioaels A is Tarskian-
true, then so is the arithmetical relation expressed A, then this translates as the
tautology, thatA is Turing-computable as always TRUEAIfs Turing-computable as

always TRUE.
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It follows that the Theorems of PA are Turing-computable as always TRU iabove

sense.

Appendix B: Standard, first-order, PA has no non-sandard
model

We give an elementary proof that, if PA is a standard, first-order, PeathoaAtic - as
defined in Appendix A - then PA has no non-standard maee| & model whose domain

contains an element that is not a successol).of 0

We denote bys(X) the PA-formula:
[X=0 v =(! Y)=(X=y)].

This translates, under every interpretation of PA, as:
EitherXis 0, orX is a ‘successot".

Now, in every interpretation of PA, we have that:
(&) G(0) is true;
(b) If G(X) is true, therG(X') is true.

It follows, from Godel's completeness theotfgmat:
(@) [G(0)] is provable in PA;

(b) [G(X) =>G(X)] is provable in PA.

34 Note that, by virtue of axiom S¥,can only be a ‘successor’ of a unique elemertiénititerpretation. It
follows that an ordinal such as the first uncoulgaivdinal, , is not the ‘successor’ of any ordinal in the
sense required by the PA axioms.

% Cf. [Me64], p68.



30

We also have, by Generalisatiokppendix A, that:

©) [(!" X(G(X) =>G(X))] is provable in PA,;

From the Induction axiom SAppendix A, we thus have that:

(d) [(' X)G(X)] is provable in PA.

We conclude that, except 0, every element in the domain of any interpretation of PA is a

‘successor’.

Now, it follows, first, that, since there are no infinitely descending sequehces
ordinals®, every set-theoretical interpretation of PA must be restricted to the mdmaai

consists only of the ordinal 0, and the ordinals that are the ‘successors’ of the @rdinal

By definition, this domain corresponds to the natural numbers only.

Second, if we accept that [Se91]:

... ZFC exhausts our intuition except for things like consistency statements, so a

proof means a proof in ZFC ... all of us are actually proving theorems in ZFC.

then we must conclude that all non-standard models of PA are isomorphic, and that there

are no non-standard models of a standard, first-order, Peano Arithmetic.

% As would be required if there were a non-standaodel of PA in, say, ZF, in which all the elemeints
the domain of the interpretation, except the orldinare ‘successors’, but not necessarily thecsasors’
of the ordinal 0.
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