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Abstract

We show that Godel has defined an arithmetical relation R(n) which—
when treated as a Boolean function—is constructively computable as true
for any given natural number n, but which is not Turing-computable as
true for any given natural number n. This implies that the current for-
mulation of the PvNP problem admits a trivial logical solution that is not
significant computationally.

1 A Provability Theorem for PA

Let [N] denote the usual structure—defined as {N (the set of natural numbers);
= (equality); ' (the successor function); + (the addition function); = (the prod-
uct function); 0 (the null element)}—that serves for a definition of a sound
interpretationl] of first-order Peano Arithmetic, PA.

We first show that PA is ‘algorithmically’ complete in the sense that:

Provability Theorem for PA: A total arithmetical relation F'(x)—when treated
as a Boolean function—defines a Turing-machine TMp which computes F(x)
as always true (i.e., true for any given natural number input n) if, and only if,
the corresponding PA-formula [F(x)] is PA-provable.

Proof: Tt follows from Turing’s seminal 1936 paper [Tu36] that every quantifier-
free arithmetical function (or relation, when interpreted as a Boolean function)
F(z) defines a Turing-machine TMFE| (cf. [Tu36], pp. 138-139) such that F(zx)
is TM p-computable if, and only if, for any given natural number n, TM g will
compute F'(n) as either true, or as false, over the structure [N] (cf. [An08al).
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1 An interpretation of PA is sound if all PA-theorems are true under the interpretation. We
constructively define such an interpretation of PA in the next section

2In the general case, TMF is defined by the quantifier-free expression in the prenex normal
form of F(z).
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Now, we can define a finitary interpretation 3 over [N] (cf. [An08al, [An08c])
where:

(a) [(Vz)F(x)] is defined as true under the interpretation g if, and only if, the
Turing-machine TMp computes F'(n) as always true (i.e., as true for any
given natural number n) under G;

(b) [(3x)F(x)] is an abbreviation of [=(Vx)—-F(x)], and is defined as true
under § if, and only if, it is not the case that the Turing-machine TM g
computes F'(n) as always false (i.e., as false for any given natural
number n) under f3.

[ is a sound interpretation of PA over [N] since—when interpreted suitably—
all theorems of first-order PA are constructivelyﬂ true under 5 (cf. [An0O8al).

Moreover, since 3 is sound, it defines a finitary model of PA over [N|—say
Mpg—such that:

If [(Va) F(x)] is PA-provable, then the Turing-machine TM computes F'(n)
as always true (i.e., as true for any given natural number n) in Mpg;

If [~(Vz) F(x)] is PA-provable, then it is not the case that the Turing-machine
TMp computes F(n) as always true (i.e., as true for any given natural number
n) in M@.

Moreover, we cannot have that both [(Vz)F(z)] and [~(Vz)F (z)] are PA-
unprovable for some PA-formula F(z), as this would yield the contradiction:

(i) There is a finitary model—say M1g—of PA+[(Vx)F(x)] in which the
Turing-machine TM g computes F(n) as always true (i.e., as true for
any given natural number n).

(ii) There is a finitary model—say M2g—of PA+[~(Vz)F(z)] in which it is
not the case that the Turing-machine TMp computes F(n) as always
true (i.e., as true for any given natural number n).

Hence PA is ‘algorithmically’ complete, in the sense that a total arithmetical
relation F'(z)—when treated as a Boolean function—defines a Turing-machine
TMpg which computes F(x) as always true if, and only if, the corresponding
PA-formula [F'(x)] is PA—provabl@ a

1.1 First Tautology Theorem

Now, in his seminal 1931 paper [Go31], Gddel has constructed an arithmetical
relation R(n) that is meta-mathematically provable as true for any given natural
number n but — since the corresponding PA-formula [R(m)]ﬂ is not PA-provable
(cf. [Go31], p25(1))—it follows from the Provability Theorem for PA that there
is no Turing-machine TMp that computes R(n) as always true (i.e. true for
any given natural number n).

3In the sense of mechanically, without the use of any human ingenuity.

4Note that [(Vz)F(z)] is PA-provable if, and only if, [F(z)] is PA-provable

5Hence PA can have no ‘non-standard’ model!

6Godel defines, and refers to, this formula by its Gédel-number 7 (cf. [Go31], p25, eqn.12).



(By Genemlisatm?ﬂ stating that the PA-formula [R(z)] is not PA-provable
is equivalent to stating that the PA-formula [(Vm)R(at)]ﬂ is not PA-provable; the
latter is what Gédel actually proved.)

We thus have the:

First Tautology Theorem: There is no Turing-machine TMp that computes
Godel’s tautology R(n)—when treated as a Boolean function—as true for any
given natural number n.

1.2 Second Tautology Theorem

However, we also have the:

Second Tautology Theorem: Godel’s tautology R(n) is constructively com-
putable as true for any given natural number n.

Proof: Go6del has defined a primitive recursive relation, xBp 4y that holds
if, and only if, y is the Godel-number of a PA-formula, say [Y], and z the
Godel-number of a PA-proof of [Y] ([Go31], p22, dfn. 45).

Since every primitive recursive relation is Turing-computable (when treated
as a Boolean function), xBpay defines a Turing-machine TMp that halts on
any natural number values of = and y.

Now, if gir(1)], 9ir(2)] - - - are the Gddel-numbers of the PA-formulas [R(1)],
[R(2)], ..., it follows that, for any given natural number n, when the natural
number value g(r ()] is input for y, the Turing-machine TM p must halt for some
value of z—which is the Gédel-number of some PA-proof of [R(n)]—since Gédel
has shown ([Go31], p25(1)) that [R(n)] is PA-provable for any given numeral

Hence R(n) is constructively computable as true for any given natural num-
ber n. O

2 P+4NP

Now, one formulation of the PvNP problem is the following: Is there a polyno-
mial time algorithm TMp that gets as input a Boolean formula F' and outputs
1 if and only if F' is a tautology?

P#NP states that there is no such algorithm.

So, if the Gédelian relation R(n) is constructively computable as a tautology,
but not recognisable as a tautology by any Turing-machine TMg, then, by the
above reasoning, P#NP is trivially true logically!

2.1 Is the solution P#NP significant?

However, the PvNP problem assumes the significance usually accorded to it
only to the extent that its solution throws light on the practical consequences
that follow from the computational complexity of a number-theoretic relation
(or function), and not simply from the philosophical consequences of its logical
properties.

7 Generalisation in PA: [(Vz)A] follows from [A].
8G6del defines, and refers to, this formula by its Gédel-number 17Genr.



The following shows why a trivial logical solution of the PvNP problem —
such as that indicated above, which addresses the problem as it is presently
formulated — is not significant from a computational complexity perspective.

2.2 Can the PvNP problem be formulated to highlight the
significance of computational complexity?

In his paper [Go31], Godel specifically defined his arithmetical relation R(n)
so that it is instantiationally equivalent (cf. [Go31], p29, Theorem VII) to a
primitive recursive relation, Q(n), which, of course, is Turing-computable as
true by some Turing-machine TMgq for any given natural number n.

So, even if P#NP because PA is ‘algorithmically’ complete—and, therefore,
has no non-standard models—we still have two number-theoretic relations that
are instantiationally equivalent even though they are not algorithmically iden-
tical. The equivalence should, prima facie, suffice to define the computational
complexity involved in one case as notionally equal to that actually involved in
the other.

2.3 Why the PvINP problem may remain intractable in
ZF

Now, the above distinction between instantiational equivalence and mathemati-
cal identity would be absent in any set-theoretic approach to the PvNP problem,
since it is an axiom of ZF that two ZF relations (or functions) are instantia-
tionally equivalent if, and only if, they are set-theoretically identical.

In other words, if we accept that the consistency of PA implies that P#NP,
then, if ZF is consistent, it can neither reflect that P#£NP nor that P=NP.

This suggests that it may be better to re-formulate the PvNP problem
number-theoretically so as to avoid trivial logical solutions in PA—or logical
blind alleys in its interpretation in ZF—and to reflect better its computational
significance.

3 Appendix A: Does the ‘algorithmic’ complete-
ness of PA conflict with Godel’s and Rosser’s
Theorems?

Of course the conclusion that PA is ‘algorithmically’ complete seems to conflict

with both Godel’s [Go31] and Rosser’s [Ro36] interpretations of their non-formal

reasoning, each of which separately concludes that PA is ‘essentially’ incomplete.
However, the conflict resolves itself if we note that:

(i) Godel’s proof of the essential incompleteness of PA ([Go31], Theorem VI,
p24) explicitly assumes that PA is w-consistent;
(ii) Rosser’s proof of the essential incompleteness of PA (cf. [Ro36], Theor-
em II, p233) implicitly presumes that PA is w-consistent (cf. [An08b]);
(iii) PA is not w-consistent (cf. also [An08c], Appendix A);
(iv) The classical ‘standard’ interpretation of PA over the structure [N]
(cf. [Me64], section §2, pp.49-53; p107) does not define a model of PA
(cf. [AnO8d)).



In other words, the apparent conflict does not reflect a logical contradiction,
but arises simply from the non-constructive - hence intuitionistically objection-
able - manner in which Gddel and Rosser, following Hilbert (cf. [An08c]), in-
terpret the truth of the quantified formulas of their formal arithmetic in the
classical ‘standard’ interpretation of PA that is defined over the structure [N].
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